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ABSTRACT
The purpose of this paper is to investigate the effect of
fatigue, in the presence of neighboring cracks, and to
integrate that into a model that could be used to predict
crack growth. A total of 20 fatigue experiments were
performed at different loading conditions using dog-bone
samples of API-5L grade B carbon steel containing
neighboring cracks. The impact of the neighboring cracks
dimensions and the loading conditions on the interaction,
coalescence and growth of cracks were investigated. A
design of experiment approach to study neighboring cracks
interactions and growth in carbon steel materials is also
presented. Simulation efforts were performed to assess the
Stress Intensity Factor (SIF) around neighboring cracks.
Models discussing how the SIF of single semi-elliptical
crack could be corrected to account for the neighboring
cracks interaction were discussed in order to better
understand the fatigue behavior. A combination of these
models was integrated to find the SIF values necessary for
the probabilistic life prediction modeling purposes. Finally,
a multi-site fatigue crack growth rate model was developed
and its parameters including their uncertainties were
estimated. A Bayesian approach was adopted to perform
uncertainty characterization and model validation.
1.

INTRODUCTION

The purpose of this study is to investigate and model the
interaction of neighboring cracks under fatigue loading and
integrate that into a life prediction model that could be used
to estimate the remaining life of engineering structures. As
such, development of a method that accounts for applicable
and realistic cracks interaction, validated with acceptable
modeling error, is the main objective of the study.
Based on the literature review performed in this research, a
large portion of the work done in modeling crack
_____________________
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propagation modeling has been directed towards
investigating single crack growth. It was ostensible that
there is a need to acquire more information about
neighboring cracks growth. Hence, the prime objective of
this research is to develop further understanding of
modeling fatigue of neighboring cracks through the
following steps: adopt a degradation model for fatigue crack
growth by investigating the most relevant physics based
models available in the literature, identify the associated
model variables and uncertain parameters in the adopted
model, gather prior data/information of the adopted model
uncertain parameters, develop an experimental test method
to provide the scatter of data required for both updating the
uncertain parameters and validating the final model
proposed, perform necessary simulations in order to
compute the SIF around the neighboring cracks, identify a
Bayesian updating approach to update the model uncertain
parameters on the experimental and simulation evidence
data gathered and finally quantify the model uncertainties
and validate it.
This paper have illustrated an improved experimental layout
and procedure to investigate multi-site fatigue in carbon
steel materials which provided a better understanding of the
effect of neighboring cracks dimensional variability on their
interaction, coalescence and growth process. Also, it has
broadened the state of the art on the effect of different
loading conditions on crack interaction, coalescence and
growth process.
An improved understanding of the
ligament failure phenomena when neighboring cracks
achieve coalescence was also discussed. Finally, a new
model of crack growth that accounts for neighboring cracks
interaction and coalescence was proposed.
1.1. Linear Elastic Fracture Mechanics
The problem under investigation is a linear elastic fracture
mechanics problem, where the elastic stress intensity factor
(K) and Paris law for growth are applicable. According to
(Stephens, Fatemi, Stephens, & Fuchs, 2000) there are some
constraints when using linear elastic fracture mechanics
(LEFM), however, these constraints do not apply directly to
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the cases investigated in this work. Stephens et. al. (2000)
indicated that for LEFM concepts to hold, the nominal
stresses applied in a specific cracked plane should be less
than 80% of the yield strength. Also, the same source added
that the plastic distance ahead of the crack tip, r y, should be
less than 1/8th of the cracked plane thickness and the
untracked ligament along the plane of the crack.
According to (Bayley, 1997), for most metallic materials,
the size of the inelastic region adjacent to the crack tip is
relatively small in comparison with the crack size. For that
reason, the amount of material experiencing inelastic
behavior is small compared to the overall elastic state of the
sample or component. Consistent with (Alseyabi, 2009),
fatigue stresses applied to a component leads to a plastic
deformation zone ahead of the advancing fatigue crack.
When this resulting zone is very small compared to the
elastic field, LEFM solutions provide a suitable description
for fatigue fracture. In this paper, Mode I type of loads will
be considered in studying the impact of fatigue loads on
cracks coalescence and interaction.
1.2. Crack Shape in Fatigue
Understanding crack growth behavior and development is
essential when it comes to life prediction and monitoring of
structures and components. According to (Paris & Erdogan,
1963), crack will propagate in the direction of maximum
stress intensity. Also, consistent with (Lin & Smith, 1995),
regardless of the initial crack shape and size, the crack will
always grow towards an equilibrium shape before it grows
in different directions.
Three categories of flaws can be found in operating
engineering structures: a single flaw (e.g., semi-elliptical
cracks, corner cracks, circular crack and embedded cracks),
neighboring interacting cracks (i.e., the focus of this
research work) and multi-element flaws which characterize
the effect of a flaw in a component on another flaw in a
different component.
According to (Leek & Howard, 1996), surface cracks can
be, at least initially, irregular shapes and orientations.
However, a standard practices is to characterize a surface
crack by projecting it onto the plane normal to the principal
stress and assume the crack to be semi-elliptical in shape,
having the dimensions of the rectangle that fully encloses
the flaw. The characterized crack can be identified by its
radius (r) and depth (a).
Another important aspect of characterizing neighboring
cracks is the distance between the planes of the cracks.
When this distance approaches zero, meaning that the two
cracks exists on the same plane, then there are two coplanar
cracks. Otherwise the neighboring cracks will be noncoplanar cracks. The focus of this research is semi-elliptical
coplanar cracks as illustrated in Figure 1:
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Figure 1: Neighboring cracks nomenclature illustration
along with the neighboring cracks growth stages: 1:
Separate phase 2: Interaction phase 3: Re-characterization
phase 4: Post-coalescence phase (DeBartolo & Hillberry,
1998)
(Nuhi, Abu Seer, Al Tamimi, Modarres, & Seibi, 2011)
investigated the dimensional growth of corrosion pits and
their density under different corrosive conditions. It was
found that as temperature and exposure time to the corrosive
medium increased, a significant increase in pit size and
density was observed. Nuhi et. al. (2011) also found that the
variation in pit dimensions had an average standard
deviation of almost 20% of the recorded pit depth.
1.3. SIF of a Single Semi-Elliptical Crack
Many efforts were directed towards studying single crack
SIF. One of the first single-crack SIF approximations was
developed by (Irwin, 1962). Many approximations followed
Irwins’ work taking the form of both discrete values and
continuous equations and are discussed by (Leek, 1990).
A leading SIF approximate expressions for a single semielliptical crack was proposed by (Newman & Raju, 1979)
and (Newman & Raju, 1981) due to their adequate accuracy,
ease of use, and wide ranging applicability. Newman and
Raju (1979, 1981), compared their Finite Element Method
(FEM) solutions for semi-elliptical surface cracks to
experimentally determined fracture data. According to Leek
and Howard (1996), Newman and Raju ranked the highest
amongst other solutions in terms of accuracy. Their
solutions correlated with 95% of the data analyzed within
±10% error. According to Leek (1990), an examination of
different solutions of the SIF of a single crack shows that
the solution provided by Newman and Raju (1979, 1981)
has a good accuracy and is applicable over a wide range of
semi-elliptical cracks.
1.4. Cracks Interaction and Coalescence
Numerous researchers have studied crack interaction and
coalescence including: (O'Donoghure, Nishioka, & Atluris,
1984), (Twaddle & Hancock, 1988), (Kishimoto, Soboyejo,
Smith, & Knott, 1989), (Soboyejo & Knott, 1990), (Leek,
1990), (Leek & Howard, 1994), (Harrington, 1995) and
(Leek & Howard, 1996). Most of their research was directed
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toward understanding the coalescence mechanism of two
neighboring surface cracks.

including interacting cracks could be predicted by setting a
certain safety requirement like:

According to Leek and Howard (1994) and DeBartolo and
Hillberry (1998), the process of two adjacent and coplanar
cracks interaction, coalescence and growth is governed by
four main stages as illustrated in Figure 1: separate phase,
interaction phase (i.e., pre-coalescence phase), recharacterization phase and the post-coalescence phase.



During phase one of interaction, the neighboring cracks are
treated independently meaning that they have no impact on
each other’s SIF. Also, in phase three, one single enveloping
crack is formed and the single crack SIF analysis is used.
However, second phase shows the interaction stage where
the proximity of neighboring cracks affects their respective
SIF values. Experimental data and finite element
simulations done by Kishimoto et. al. (1989) and Soboyejo
and Knott (1990) showed that the concave crack front in
phase three has a high SIF value approximated by twice the
SIF around the rest of the cracks due to the rapid failure of
the ligament between the two cracks. This rapid failure of
the ligament explains also the fast transition from phase two
to phase three in this process.




Researchers have yet to reach an agreement on a threshold
that indicates the start of crack coalescence. According to
(Forsyth, 1983), two cracks will grow together when the
plastic zones around the cracks first overlapped. (Chang,
1982) assumed that the cracks would coalesce when the
distance between the two cracks was less than 7% of their
total length. (Chaussumier, Shahzad, Mabru, Chieragatti, &
Rezai-Aria, 2010) proposed that the coalescence of cracks is
detected when their lengths increased by its crack tip when
the plastic zone is large enough to interact with other
neighboring cracks. (Melin, 1983) stated that two
neighboring cracks don’t meet tip to tip but instead deviate
slightly and meet either sub-surface or by a small tear at the
surface. According to Leek and Howard (1994), there are
three main factors that affect crack interaction and
coalescence: Separation distance between neighboring
cracks, shape and relative size of each crack and the
thickness of the section in which the cracks lie.
According to Leek and Howard (1996), when two coplanar
cracks grow towards each other, before the cracks meet,
either the SIF at the tip of closet proximity will reach the
fracture toughness of the material leading to failure of the
ligament between the cracks, or the plastic zones around the
crack tips will come together invalidating the elastic
analysis. Moreover, (Melin, 1983) added, when the cracks
grow towards each other, they tend to avoid meeting
directly. He showed analytically that it is energetically
unfavorable for them to do so. Therefore, that advocates that
the crack tips will deviate as if to grow past each other when
they become close and join up by tearing of the ligament
between the places of the crack tips. In order to simplify
such situations, the failure of a certain engineering structure



Sudden increase in the SIF that implies the completion
of the coalescence process and the formation of a
single enveloping crack of a significant increase in
dimension
Crack front concave shape change to a convex shape
caused by the ligament failure
Surface cracks linkage
Cracks fronts growth rate

1.5. Assessment Methods of Cracks Interaction
Different assessment methods of neighboring crack
interaction and coalescence have been investigated in order
to identify a method that is reliable and reasonably
conservative to further understand the phenomenon from a
reliability/integrity stand point. Neglecting the effect of
neighboring crack interactions on the SIF could lead to an
overly conservative life prediction model and assessment of
structure integrity. Leek and Howard (1994) compared
models that did not account for crack interactions and found
that the safety margins achieved by such models induce
overly conservative results, that under-predicts the true life,
of up to 37%.
According to Leek and Howard (1996), the ASME boiler
and pressure vessel code(ASME, 1992), section XI, articles
IWA-3000 and IGA-3000, and the BSI PD6493(BSI, 1991)
are considered the most widely known methods for
assessing interacting surface cracks. But, according to Leek,
(1990) and Leek & Howard (1994) and after tentatively
investigating these methods both theoretically and
practically, it was found that these models yield unrealistic
overly conservative and perhaps unsafe crack growth
predictions as it assumes a geometric condition to define
crack coalescence excluding the impact of the different
crack interaction and coalescence stages on the SIF along
the crack front. Moreover,Leek and Howard (1994) added
that both model accuracy and justification of their methods
are unknown.
Another widely accepted assessment method of interacting
neighboring cracks was proposed by (Iida, 1983). The
method neglects neighboring cracks interaction by having
no measure of interaction influence on the SIF in its
analysis. When the cracks inner tips are predicted to touch,
an immediate semi-elliptical enveloping crack drawn
through the outer tips of the two coalescing cracks and
through the deepest point of the deeper crack is assumed.
This method was used in the literature as a basis for both
experimental and simulation work by many researchers
including Kishimoto et. al. (1989) and Soboyejo and Knott
(1990).
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According to Leek and Howard (1996), the method
proposed by Iida (1983) is a simple and realistic assessment
method of neighboring cracks growth. However, it is not
clear whether this method safely accounts for interaction on
its own or whether safe assessments are obtained due to
other factors in the growth calculations such as SIF
approximations or even the material constants used.
Two of the widely used assessment methods of interacting
neighboring cracks were developed by Leek and Howard
(1994). Both methods were based on quantifying crack
interaction and incorporating this quantification into the SIF
and fatigue crack growth calculations. This Crack
Interaction Factor (CIF) was widely studied using finite
element and numerical analysis by many researchers
including Murakami et. al. (1981), Murakami et al. (1982),
O’Donoghue et al. (1984), Leek (1990) and Leek and
Howard (1994). The first method developed by Leek and
Howard (1994) (i.e., denoted by Leek and Howard I) was
based on developing the crack interaction factor, which is
considered a correction factor that takes into account the
effect of neighboring cracks on the SIF. Crack interaction
leads to an increase in the SIF values of neighboring cracks
when compared to a single crack value. The SIF was
corrected when neighboring cracks interact and coalesce as
follows:
(1)
Where the cracks interaction factor (CIF) is defined as
follows:

independently. This percentage increase in the SIF is
applied uniformly to all SIF values of the two cracks at a
specific geometrical condition until the two cracks touch
forming a single enveloping crack.
However, since the CIF approaches infinity when cracks
become close and at a certain separation distance between
the two cracks, the maximum SIF obtained by the use of
CIF becomes larger than that obtained by assuming an
enveloping crack. For that reason and in this paper, this
point is considered as when the ligament fails between the
two cracks forming the enveloping crack. So, the SIF values
will be equated at this point to avoid any misleading results
or confusion. Leek and Howard solutions were based on
integrating Newman and Raju (1979-1981) SIF solutions for
single semi-elliptical cracks along with Erdogan (1962) and
Yokobori et. al. (1965) solutions for the CIF. Nevertheless,
the CIF solutions proposed covers identical cracks. (Savin,
1981) has proposed solutions for the CIF for non-identical
cracks.
The modeling work in this research was formulated based
on a combination of conclusions provided by the previously
discussed models. Fundamentally, Newman and Raju
(1979-1981) SIF solutions for a single semi-elliptical crack,
neglecting interactions model of Iida (1983) and the CIF
model of Leek and Howard (1996) were used to formulate a
model that could be realistic and practical for engineering
structures health monitoring and management.
2. EXPERIMENTAL WORK

(2)
The CIF used in this method was found using the solutions
of (Erdogan, 1962) and (Yokobori, Ohashi, & Ichikawa,
1965) for the elastic interaction factors of through cracks in
an infinite plane under tensile load. Leek and Howard
(1994) corrected these CIF values in order to use it for
neighboring semi-elliptical surface cracks. However, as the
original CIF work addresses through cracks, this method has
insignificant emphasis on the crack front CIF, while it
focuses more on the CIF at the crack tips. Moreover, this
method can be cumbersome for crack growth calculations as
it has many different calculation steps. The CIF is
recalculated after each increment of growth, when the
cracks are predicted to touch, a single enveloping crack is
immediately assumed, and the CIF is not calculated
anymore.
Leek and Howard (1996) developed another assessment
method (i.e, Leek and Howard II). This method is
straightforward and conservative. Leek and Howard II used
the same CIF concept discussed in their previous model.
However, this model was based on developing interaction
factor values associated with specific dimensional criteria
describing crack interaction and geometrical development.
The method proposes a percentage increase in the SIF of the
crack when having neighboring cracks versus existing

The main purpose of performing the fatigue testing was to
study the fatigue properties of the material with interacting
cracks, understand the impact of the neighboring cracks
dimensions, evaluate the impact of the loading conditions
on the cracks interaction and propagation, and finally gather
data for the life prediction model development and
validation. The experimental work provides information
about the impact of the neighboring cracks dimensional
variability on cracks growth, coalescence and failure.
This section shows a novel approach for investigating
neighboring cracks growth and coalescence which is simple
and feasible. The method developed is straight forward and
does not require stopping the test at different number of
cycles to measure the crack depth and determine the number
of cycles to achieve coalescence. This leads to a major
reduction in the number of samples and tests required to
gather the data required for the modeling efforts.
2.1. Testing material
The material used in the fatigue testing was API-5L Grade
B, which is used in the construction of some transport
pipelines. An energy dispersive X-ray spectroscopy (EDS)
analysis was performed to the samples in order to
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characterize the elemental composition of the material as
shown in Table 1:
Table 1: Elemental composition of API-5L Grade B
Element
Si
Cr
Mn Fe
Co Cu Total
Weight % 0.18 0.20 0.86 82.35 0.41 0.09 84.09
Atomic % 0.44 0.26 1.04 97.71 0.47 0.09 Moreover, in order to define the precise yield strength of the
material for an accurate testing conditions determination, a
tensile test was performed. The yield strength was estimated
as 300 MPa.
2.2. Testing samples
Specimens with two adjacent initial cracks, simulating
material defects and flaws, were considered for the crack
coalescence experiments. The rectangular dog-boned shaped
specimens have a thickness t and width 2W. The samples
were machined from an API-5L Grade B carbon steel that is
typically used in the oil and gas industry. Figure 2 illustrates
the dimensions of the samples that were designed according
to the ASTM standard E466-07:

Figure 2: Sample dimension, all dimensions are in mm,
sample thickness is 10mm

mm, this geometry will assure a vertical growth of the
crack, which leads to an idealized interaction between the
two cracks.
As corrosion pits are considered major flaws in oil pipelines
and other similar structures, the geometry of such flaws
were considered for the experimental work. Using the
findings of Nuhi et al. (2011), the variation of pits sizes
resulting from exposure a carbon steel material to different
corroding environments showed that the maximum average
pit size was 0.0163 μm with a standard deviation of 0.0032
μm, i.e. 20% of the recorded depths mean value. The design
of the notches in this work was based on
increasing/decreasing each of the notch dimensions by one
and two standard deviation in order to investigate the impact
of the initial flaws size on crack growth and understand the
significance of the dimensional variability between the
neighboring cracks on the overall crack growth.
In this experimental work, the notches are semi-elliptical
and coplanar. Three main variables were considered for
designing the neighboring cracks notches: depth, diameter
and spacing. Eleven different notch combinations, a sample
is illustrated in Figure 3, were considered in order to
investigate the impact of the initial cracks dimensional
variability on crack propagation. However, the dimensions
were amplified for accelerated testing purposes. For
simplification and reference purposes, each notch geometric
shape was given a code. The parameter μ is the initial notch
size predetermined for accelerated testing purposes and the
parameter σ is the standard deviation, which is 20% of μ.
All experiments were compared to the reference geometry
a_(μ/μ) for clarification purposes

The material and the samples machining was done in Metal
Sample which specializes in manufacturing standard testing
coupons and samples different types of tests using the latest
metal cutting technologies.
a_(μ-2σ/μ-2σ)

a_(μ/μ)

a_(μ-σ/μ)

a_(μ-2σ/μ)

2.3. Notches design
The samples were notched in order to simulate material
defects and flaws. The notches were designed according to
the ASTM standard E740/E740M and machined using an
electric discharge machining (EDM). EDM is usually used
to induce notches, as it is a firm machining option for
manufacturing geometrically complex and hard material
parts that are difficult to machine by conventional
machining processes (Ho & Newman, 2003). Other
machining options include using slit saw to induce the
initial notches Leek and Howard (1996), however, such
techniques induce unnecessary residual stresses around the
notch and has less accuracy and precession.
Looking at the cross section of the test specimen, the
notches are semi-elliptical in shape with a thickness of 0.1

Figure 3: A sample of the cracks notch geometries used in
the experimental work (mm)
2.4. Experimental procedure
Determining the number of cycles required for crack
interaction, coalescence and failure are essential outcomes
of the experimental work. This data will be the building
blocks of the probabilistic life prediction model describing
crack coalescence phenomenon. For that reason, a
comprehensive experimental plan was designed to cover a
wide range of crack geometries and loading conditions.
The effect of three main variables on cracks interaction,
coalescence and growth: cracks dimensions, applied load
and the loading ratio were investigated. The samples with
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the variable dimensions were tested under constant loading
conditions. However, one specific geometry, a_(μ/μ), was
tested under multiple stresses and loading ratios. A total of
19 fatigue tests, including four duplicate tests, were
performed using the standard dog bone samples. The
specimens were tested under constant amplitude uniaxial
loading. The fatigue cycles consisted mainly of loading
blocks and marker blocks. The loading blocks are the
primary reason for crack propagation. On the other hand, the
marker blocks were primarily used as a benchmarking
technique to show crack shape progression during the
fatigue testing. This allowed for a better understanding of
the nature of interactions between the two cracks.
According to (Willard, 1997), one of the methods to
monitor the fatigue crack front history after testing is to use
the marker bands technique. Willard (1997) defined marker
bands as groups of microscopic striations that when
generated in the proper fashions are readily identifiable by
optical and scanning electron microscopy. The marker block
consists of load cycles with the same maximum stress
applied; however, the minimum stress was increased to 80%
of the maximum stress. According to (Terrell, 1988), it was
observed that marking block with high stress ratio yields a
better marking impression and visibility. A typical loading
ratio used in marker blocks varies from 0.5 to 0.8.

Load
(σ)

Loading
cycles

Marker
band
cycles

experiments. A real time optical microscope was used to
monitor the surface crack length during the fatigue process.
Figure 5 illustrates the experimental layout and the
microscope positioning.

Figure 5: MTS machine load frame experimental layout
along with the microscope installation and positioning
relative to the test section
The start of each test was defined when the surface cracks
had initiated and grown providing useful data. Similarly, the
end of each test was defined as when no more useful data
could be obtained. This happens when the surface cracks
approaches the sample edge. However, the samples were
fatigued until failure and completely broken to avoid
breaking it in a brittle manner and affecting the fracture
surface, which is the main source of elucidating crack
growth data.
2.5. Fractography measurements

σs, max

Both SEM fractography and optical microscopy were used
to analyze the fracture surface of the failed samples. SEM
was used to get a closer look at the marker bands and
confirm their existence. A series of SEM fractography
images are shown in Figure 6:

σs, min
Dominating
number of cycles

20% or less of
loading cycles

# of cycles

Figure 4: Plot of number of cycles versus applied load, a
load patter illustration of the maker band technique, Terrell
(1988)
Other researchers like Leek and Howard (1996) stated that
changing either the loading ratio or the frequency could
induce marker bands. However, as there is still a debate in
the literature on the frequency effect on crack growth, this
research used variable loading ratio to induce the marker
bands.
The loading cycle was sinusoidal in waveform with a
frequency of 2 Hz. According to Terrell (1988), for API-5L
grade B or A106, there is no effect of cyclic frequency on
the fatigue life of notched samples at room temperature. The
experiments were carried out at room temperature in air and
fatigued on an MTS 311.11 load frame. The machine is of a
variable capacity of up to 100 kN. An Instron 8800
controller controlled the load sequences used in the

Figure 6: SEM images of the fracture surface that shows the
marker bands
Although the SEM images show the marker bands clearly,
optical microscopy yielded clearer fractography images that
are easier for image processing. For that reason, optical
microscopy was used as the standard method for fracture
surface imaging.
The fatigue experiments provide two main sources of data:
1. Surface crack measurements at different number of
cycles
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2.

Crack depth measurements, marker bands

Relating the surface crack length to the crack depth at
different number of cycles provided the data scatter required
for the cracks growth modeling efforts. For identical cracks
growth measurements, either of the two neighboring cracks
could be measured for growth, as they propagate having a
very similar growth rate. However, whenever there were
two non-identical cracks, the bigger crack was monitored
for growth, as it will be the dominating flaw as proven by
the experimental work. A more detailed discussion of this
process will be presented next.
Surface crack measurements were conducted using an
optical microscope. The microscope continuously captured
pictures of the sample surface during the fatigue experiment.
This process was done in two main stages: before and after
crack coalescence.
The microscope was focused on the area between the two
cracks to take surface crack measurements before
coalescence. Right at the point of coalescence, when the two
surface crack tips touch, the microscope was moved to
capture the surface crack growth on the other side of the
notch towards the sample edge. In all experiments, the
microscope was focused on the bigger crack. As the crack
dimension affects the SIF around the crack tips and front, a
faster crack growth rate was expected at the bigger crack.
After each experiment, high quality images were used for
analysis and image processing. Each picture provided the
number of cycles it took to achieve a certain crack growth.
Moreover, these pictures were used to measure the surface
crack growth, using an image-processing software called
ImageJ. The software allowed for the correlation of the
pixels of an image to the crack diameter or the sample width
in order to find the surface crack length. This procedure
allows finding the surface crack length at a specific number
of cycles.
Other researchers like Leek and Howard (Leek & Howard,
An Examination of Methods of Assessing Interacting
Surface Cracks by Comparison with Experimental Data,
1996) have used a traveling microscope to measure the
surface crack length. Although traveling microscopes were
widely used for such measurements, optical microscopy
shows high levels of accuracy as image-processing software
offers very high accuracy measurements.
Post-failure crack growth measurements were further
conducted using quantitative fractography, which involved
locating the marker bands on the failed sample fracture
surface using an optical microscope. Marker bands similar
to the ones conceptually illustrated in Figure 7 were located
and used to measure the crack depth. Knowing the surface
crack length and the associated number of cycles from the
surface crack measurements, a correlated depth

measurement could be made in order to find the crack depth
at that surface crack length and number of cycles.
Depth when the crack
touches the sample edge
Ligament area
between the
two cracks
C

A

B

Depth at the
coalescence point
Marker
bands
used to
allocate
the crack
depth
A

Figure 7: Marker bands illustration
The same image-processing software, ImageJ (i.e., a
software developed by the National Institute of Health,
USA), used for the surface crack measurements was used
for the fracture surface analysis. The crack depth
measurements were performed at the point of maximum
depth of the bigger notch, A, points as illustrated in Figure
7, until an enveloping crack is formed after coalescence.
Then the depth measurements were made at the maximum
depth of the enveloping crack, C points. This provided a
realistic data scatter for the modeling development. For that
reason, the crack center before coalescence is located at
point A. However, the crack center shifts to point B right
after coalescence to account for the bigger enveloping crack
geometrical development.
2.6. Experimental results
As shown in Figure 8, the failed samples were cut and
analyzed under the optical microscope; the fracture surface
showed some marker bands that were used for the depth
measurements. The fracture surface was then analyzed using
Image J, to find the crack depth.

Depth
at
failure

Depth at coalescence

Depth
when
crack
touches
the sample
edge

Figure 8: Crack depth Measurement using Image J software
One of the main variables in this work was the neighboring
cracks dimensions. The main purpose of varying the cracks
dimensions was to understand the impact of the crack
dimensions variability on cracks coalescence and growth.
Crack depth, diameter and spacing were varied and tested
under the same loading conditions in order to define the
impact of each dimension variable on the cracks growth.
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In order to understand the effect of the cracks depth
variability, one of the cracks was kept at a constant depth of
1.6 mm, while the other cracks’ depth was varied. The
bigger crack growth and development was monitored for the
crack growth data generation and modeling purposes.
It was concluded that by increasing the depth of one of the
neighboring cracks by one standard deviation (i.e., by 20%
of the initial crack depth) we can accelerates failure by
almost 23% as compared to the reference geometry (i.e.,
a_(μ/μ) having two identical cracks). Also, increasing the
depth of one of the neighboring cracks by two standard
deviations has a very similar failure time as compared to the
one standard deviation depth increase case.
On the other hand, decreasing the depth of one of the
neighboring cracks by one standard deviation, a_(μ-σ/μ),
decelerates failure by nearly 10 % compared to the reference
geometry. Also, similarly decreasing the depth of the one of
the neighboring cracks by two standard deviations yields
very similar results to the one standard deviation depth
decrease case. Figure 9 shows a summary of the findings by
comparing the cycles to coalescence and cycles to failure
amongst the different experiments discussed.
120000.00
100000.00

5.00E-03

depth (m)

The first dimension tested was the neighboring cracks depth.
Here, the cracks radius and spacing were kept constant.
Moreover, all tests performed to examine the cracks
dimensions were performed under the same loading
conditions with a maximum stress of 290 MPa and a loading
ratio of 0.1.

4.00E-03

a_(μ/μ)

3.00E-03

a_(μ-2σ/μ-2σ)

2.00E-03

a_(μ-2σ/μ)
a_(μ-σ/μ)

1.00E-03

a_(μ/μ+σ)
1.00E-17
0
-1.00E-03

100000

a_(μ/μ+2σ)

Number of cycles

Figure 10: Plot of the number of cycles versus depth of
neighboring crack of variable initial depth
Another dimension tested in this work was the cracks
radius. In this part of the experimental work, the notches
had a constant depth and spacing, however, one of the
neighboring cracks radius was varied. It was found that
decreasing the radius by either one or two standard
deviations did not affect the sample failure significantly
compared to the reference geometry.
According to Murakami et. al. (1981), spacing between
neighboring cracks plays a major role in their interaction
and coalescence. One of his major simulations conclusions
is that if there is a space that allows the existence of a third
crack between the two cracks, then the interaction effect
between the two cracks at that specific geometric condition
is negligible. This statement was investigated
experimentally in this research as illustrated in Figure 11. A
significant increase in the number of cycles to failure was
observed when the two cracks were located further apart
supporting Murakamis’ conclusion.

80000.00
60000.00

Cycles to failure
120000

40000.00
20000.00
0.00

Cycles to
coalescence

Cycles to
failure

80000
40000

Cycles to
coalescence

0
LR 0.05

Figure 9: Impact of the neighboring cracks depth on the
number of cycles to coalescence and failure
The crack depth measurements were plotted against
different number of cycles in Figure 10 for a better
understanding of the role of the initial cracks depth on the
failure time.

LR 0.05,
s_(μ+2σ)

Figure 11: Increased neighboring cracks spacing effect on
cycles to coalescence and failure
Moreover, two tests were performed with smaller spacing
compared to the reference geometry in order investigate
how that would accelerate failure. It was found that spacing
has more influence on the number of cycles to achieve
coalescence than it has on total cycles to failure.
A main reason for this result is that by decreasing the
distance between the two cracks, the distance between the
outer crack tips and the sample edge increases. As the
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surface crack growth rate between the two cracks is much
faster than it is at the outer crack tip, more time is needed to
achieve total failure of the specimen which compensates for
the time difference due to the faster time to coalescence
caused by the smaller spacing.
As loading conditions play a major role in determining the
life of engineering structures, different loading conditions
were considered in this research. Applied stress and loading
ratio are the two main loading variables considered. In this
section of the experimental work, the geometry was kept
constant and all tests were performed using the reference
geometry a_(μ/μ).
In order to test the effect of stress on both times to
coalescence and failure, the reference geometry was tested
under a constant loading ratio of 0.1 at three different
stresses. It was found that both times to coalescence and
failure decrease by increasing stress.
On the other hand, In order to test the loading ratio effect on
both times to coalescence failure, the reference geometry
was tested under a constant stress of 290 MPa and at three
different loading ratios. It was perceived that both times to
coalescence failure increased by increasing the loading
ratio. For a more detailed discussion on the experimental
results, see (Al Tamimi, 2014).
3.

SIF SIMULATION WORK

Performing a comprehensive simulation to find the SIF at
the cracks tips is vital step in the model development in this
work. Figure 12 shows the points where the SIF was
calculated for the model developed in this research.
SIF not studied
or simulated yet
in the literature

SIF Values found for
the life prediction
model development

Crack center after the
coalescence point

Crack center before
the coalescence point

Figure 12: Specific geometrical points at which SIF was
computed
3.1. Crack front SIF simulation
In order to find the SIF at the crack front, Newman and Raju
(1981-1979) solutions of the SIF of a single semi-elliptical
crack coupled with the CIF developed by Leek and Howard
(1994) models were used. A discussion of this methodology
is illustrated in this section.

Newman and Raju solutions (1979-1981) were used to
develop a simulation routine that computes the crack front
SIF, which covers a wide range of semi-elliptical crack
dimensions. In order to find the SIF at the crack front, three
main variables have to be defined before and after
coalescence:
1.
2.
3.

Crack depth at each increment of growth
Crack radius at each increment of growth
Loading conditions:
a) Maximum stress
b) Loading ratio

These variables are the main input variables to the crack
front SIF equation beside other geometrical constants like
the sample thickness and width. The input data were
obtained from the experimental work performed in this
research. So, for each crack development data set, the SIF
was obtained for each increment of growth in order to
develop a da/dn vs. ΔK data scatter.
After obtaining the single crack SIF values at the crack
front, it was corrected using Leek and Howard (1994)
correction factor model based on the geometrical
development of the cracks which was identified
experimentally.
As Leek and Howard II (1994) method addresses identical
cracks, an assumption was made in this research that in the
cases of having two non-identical cracks, they are assumed
to be identical and equal to the bigger crack for the SIF
analysis. As shown earlier in the experimental results
section in this work, it was found that increasing or
decreasing the depth or the radius of one of the neighboring
cracks by one or two standard deviations had a very mild
impact on the total cycles to failure, for that reason,
introducing this assumption will have acceptable accuracy
when used for the SIF computation.
For each test, the SIF was obtained for a single crack and
then corrected using the correction factors developed by
Leek and Howard (1994). This method specifies
geometrical conditions based on the cracks interaction and
coalescence development providing a percentage increase in
the SIF value anywhere around the crack. The corrected SIF
value is then computed using equation (1).
The CIF shows the percent increase in the SIF value around
a semi-elliptical crack when neighbored by another semielliptical crack at a certain geometrical condition. The crack
front SIF was recalculated after each increment of growth
until the two cracks touched. When the cracks were
predicted to touch, a single enveloping crack was
immediately assumed with new dimensions and a shift of
the crack center to the coalescence point. When the
enveloping crack was assumed, then Newman and Raju
(1979-1981) solutions were used to continue computing the
SIF at the enveloping crack front.
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3.2. SIF simulation results
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In order to understand how neighboring cracks affect the
SIF, a comparison was made between two cases: a SIF
analysis assuming a negligible effect of neighboring cracks,
and a second case that accounts for neighboring cracks
interaction. This comparison is illustrated in Figure 13:

two standard deviations. However, the SIF was increasing
with a slower rate as illustrated in Figure 14.

Considering CIF

20.00

Neglecting CIF

15.00

Ligament failure

10.00
5.00
0

50000
100000
Number of cycles

150000

Figure 13: Plot of the number of cycles versus crack front
SIF, an illustration of the impact of the CIF on SIF analysis,
a_(μ/μ), σs=290 MPa, LR=0.1
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Figure 14: Plot of the number of cycles versus crack front
SIF of neighboring cracks of variable initial depth
When cracks coalescence is achieved, a change is in the SIF
development behavior is observed. The reason for that is the
actual ligament failure when the two surface cracks coalesce
and one bigger enveloping crack is formed. This sudden
increase in the crack dimension causes a rapid increase in
the SIF value.

Neglecting the SIF correction factors leads to introducing a
significant discontinuity in the SIF values introduced when
the two cracks achieve coalescence forming a single
enveloping crack. Neglecting the CIF provides misleading
data about SIF actual development during the crack
interaction and coalescence and provides no information
about the ligament failure. Performing a proper SIF analysis
provides useful information that explains how the two
cracks interact and how the ligament between them fails.

As changing one of the neighboring crack radiuses by one
or two standard deviations did not affect crack growth in the
experimental results significantly, the impact of changing
the radius was neglected in the SIF analysis and the two
cracks were assumed to be identical. When the three
different experiments testing the radius impact on cracks
coalescence were compared and analyzed, a very similar
trend of the ligament failure was observed and was
identified to happen right before the coalescence point.

From an inspection overview, the ease and applicability of
the inspection, measurement and modeling method, side by
side with the availability of the modeling tools needed to
analyze different types of cracking in engineering structures
defines a great portion of any crack growth prediction
efforts. For that reason, when having any two initial nonidentical cracks, an assumption was made that the two
cracks are of equal dimensions equivalent to the bigger
crack. This will yield a simpler and easier to use life
prediction model and will significantly simplify the SIF
analysis performed.

As the spacing between the two cracks plays a major role in
defining the number of cycles to coalescence, a very similar
effect on the SIF development was observed. Faster
coalescence means a faster failure of the ligament between
the two cracks and a faster formation of the enveloping
crack. The only difference between the three cases is when
coalescence is achieved leading to a change in the SIF
growth behavior.

The SIF variations due to changing the neighboring cracks
dimensions were investigated in this work. The effect of
changing one of the neighboring cracks depth, radius and
the spacing between the two cracks on SIF was observed
and discussed.
Compared to the reference geometry, increasing one of the
neighboring crack depths by one or two standard deviations
did not introduce major change in the SIF values. A very
similar trend of SIF was observed when compared to the
experimental results. The same trend was also observed by
decreasing one of the neighboring cracks depths by one or

Loading conditions have a direct impact on the SIF
computation, for that reason, different applied stress levels
and the associated loading ratios were considered in this
work. The SIF have a very similar development behavior at
different stresses before and after coalescence except that
increasing the stress accelerates failure.
Also, changing the loading ratio at a given stress level has a
noticeable impact on the crack growth rate as it affects the
applied stress levels directly. For that reason, the impact of
the loading ratio on the SIF values was investigated and was
found to have a similar behavior to the different stress levels
impact on SIF.
Finally, the ligament failure was observed to follow a very
similar trend to the previous experiments. Ligament failure
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Loading ratio

occurred right before the coalescence point leading to this
change in SIF development behavior.
3.3. Ligament failure simulation results
In the simulation efforts performed in this research, the
ligament failure between the two cracks was investigated.
As Leek and Howard II (1994) method was used for
correcting the SIF in order to account for the neighboring
cracks effect, yet, this method addresses identical cracks
only. An assumption was made in the cases of two nonidentical cracks that they are assumed to be identical and
equal to the bigger crack. For that reason, the ligament
failure investigation performed in this research only
addresses identical crack as this assumption will directly
affect any conclusions about the ligament failure in such
geometries.
According to Leek and Howard (1994), as the two cracks
approach each other; the CIF values increase rapidly. So,
there will always be a certain dimensional criterion at which
the maximum SIF obtained by the use of the CIF method
becomes larger than that obtained by assuming an
enveloping crack. That specific point is assumed to be the
point at which ligament failure occurs. However, in reality,
many factors affect number of cycles to ligament failure.
The type of material, material microstructure, loading
conditions and the crack sizes are some of the obvious
factors affecting the ligament failure.

Stress (MPa)

The impact of the loading conditions on the time to ligament
failure was investigated in this research. Based on the SIF
simulations performed, the number of cycles to achieve
ligament failure was obtained for each test. Afterwards, it
was compared to the overall cycles to failure. It was found
that Higher applied stress levels and higher loading ratios
had the same accelerating impact on ligament failure. Both
applied stress and the loading ratio were correlated to
number of cycles to ligament failure by a linear function due
to the linear increase in the SIF values at the neighboring
cracks fronts. This is illustrated in Figure 15 and Figure 16:
295
290
285
280
275
270
265
60000

y = -0.0006x + 325.29
R² = 0.9872

y = 6E-06x - 0.2988
R² = 1

60000
70000
80000
Number of cycles to ligament failure

Figure 16: Plot of number of cycles to ligament failure
versus loading ratio
Additional simulations and experimental work are needed in
order to understand and justify such failures of the ligament.
For a more detailed discussion on the SIF simulation results,
refer to (Al Tamimi, 2014).
4.

MODEL DEVELOPMENT

After discussing data gathering and characterizing data
scatter development, a realistic modeling technique is
required. This section covers the probabilistic crack growth
modeling approach followed in this paper. The proposed
model incorporates experimental and simulation results for a
better understanding of the cracks interaction and
coalescence and its impact on the fatigue life of engineering
structures.
4.1. Modeling Assumptions
This section presents the foremost assumptions employed in
developing the life prediction model. Some of the
assumptions were made based on the SIF analysis
performed in this research, while others were made based on
the nature of the experimental and modeling efforts
performed. These assumptions are not expected to
significantly affect the results of the data scatter established
nor the developed model outcomes. However, uncertainties
due to these assumptions were not quantified. The following
is a list of the assumptions used in this work:
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Figure 15: Plot of number of cycles to ligament failure
versus applied stress

0.25
0.2
0.15
0.1
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Cracks will grow keeping their semi-elliptical shape
When the inner tips of the neighboring cracks touch, a
single enveloping semi-elliptical crack is formed due to
the rapid ligament failure
Non-identical cracks are assumed to be identical and
equal to the bigger crack
Whenever there are two non-identical cracks, the bigger
cracks is monitored for crack growth as it will be the
dominating flaw as proven by the experimental work
The material is assumed to be homogeneous and
isotropic

4.2. Crack Growth Model
The crack growth rate model considered in this work was
based on the Walker equation. The ease of use, simplicity,
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wide acceptance in the literature and reasonable number of
parameters were the main criteria behind selecting this
model. A summary of the models inputs, output and
mathematical representation is summarized in Table 2:
Table 2: A summary of the PoF models used in this
research, inputs, outputs and mathematical representation
Stress Intensity Factor (ΔK)1
Loading ratio
Crack growth rate (da/dN)

Model inputs
Model output
Mathematical representation

The data scatter developed in this work has been split into
two main sets:
1.

Deterministic model development data set

2.

Bias and uncertainty quantification and model
validation data set

Each model development stage requires an independent data
in order to avoid or minimize the bias and avoids
overlapping results. The first set of data was used to update
the model uncertain parameters distributions. On the other
hand, the second set of data was used to quantify the
uncertainty and validate the proposed model.

Equation
4.4. Deterministic Model Development
The Walker model has three main uncertain parameters (C,
n, λ). An extensive literature survey was performed to
gather prior information about each parameter used in the
modeling development efforts. Many researchers have
investigated crack growth in carbon steel materials due to its
widespread use in engineering structures. For that reason,
various Paris law coefficients are available in the literature.
Some of these values were used in this research to develop
prior distributions for these coefficients.
This data obtained from the literature was used to estimate
the best distribution that fits the data. It was found that the
normal distribution best fits the data of both coefficients.
Similarly, the Walker model has one uncertain parameter, λ,
which correlates the loading ratio variable with the crack
growth rate. (Dowling, Calhoun, & Arcari, 2008) have
investigated this parameter for different grades of steel.
These values were used to develop a prior distribution of the
parameter λ. It was found that the normal distribution was
found to best fit the data.
4.3. Evidence Data Handling
This section discusses how the data scatter developed in this
research will be employed in the modeling technique. Two
main steps are required to develop the PoF crack growth
rate model as illustrated in Figure 17:
Data
generation

Model
development

(3)
In order to shape the final form of the deterministic model, a
proper evaluation of the model uncertain parameters is
required. The proposed model parameters C, n and λ have
been estimated using generic data available in literature,
experiments and simulations developed in this research.
As there are many possible fatigue experiments and
simulations to perform to fully understand the nature of
interactions between neighboring cracks, obtaining data for
such failure mechanism has proven to be difficult, time
consuming and very expensive. A useful analytical method
that enables the integration of new evidence with the
existing prior knowledge and produces an updated
knowledge of the uncertain model parameters is Bayes’
theorem. As such, the Bayesian inference method was
applied to estimate the uncertain parameters C, n and λ. A
summary of the Bayesian approach used is illustrated in
Figure 18:

Simulation: SIF (ΔK)
Experiments: da/dn
Data analysis

Data analysis
Deterministic model development
Bias and uncertainty
Experiments:
quantification
da/dn and model
validation

Figure 17: Modeling development
steps


1

As deliberated earlier, the modeling efforts discussed
developing a PoF crack growth rate model based on the
Walker equation. A mathematical representation of the
model is illustrated in equation (3):

Figure 18: Deterministic model development (Azarkhail &
Modarres, 2012)
The prior joint probability distribution of the model
uncertain parameters fo(C, n, λ) was defined. Subsequently,
this prior was combined with the evidence data (obtained
from our experiments) in the form of a likelihood function.
The likelihood equation of the crack growth rate was

Corrected for the impact of neighboring cracks using the CIF
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assumed to follow a normal distribution and is illustrated in
equation (4):

1.0E-06
5.000

Mean values
50.000 model
Model 1

(4)

Model 2
1.0E-07

Model 3

log(da/dn)

The result is an updated state of knowledge identified as the
posterior distribution, f(C, n, λ |Data). This process is
shown mathematically in equation (5):

Model 4
Model 5

1.0E-08
Model 6

(5)
To accomplish this task, WinBUGS software program was
employed to run the Bayesian analysis. In line with
(Spiegelhalter, Thomas, Best, & Lunn, 2003) the WinBUGS
program is a windows-based environment for MCMC
simulation. A wide variety of modeling applications could
benefit from using such software.

Model 7
1.0E-09

log(ΔK)

Model 8

Figure 20: Families of the Walker model describing crack
growth rate of neighboring cracks
The uncertain parameters correlations were also obtained
using WinBUGS, however, no correlations were found as
illustrated in Figure 21:

Figure 19: Walker model uncertain parameters C, n and λ
posterior distributions
Table 3 shows the final results of the Bayesian updating
process of the model parameters.
Table 3: C, n, λ and σ posterior distributions as calculated in
WinBUGS for 200000 samples
node

μ

σ

2.50%

median

97.50%

C

2.88E-10

2.14E-10

8.52E-12

2.64E-10

7.07E-10

n

1.785

0.39

0.9817

1.773

2.588

λ

0.6473

0.143

0.3672

0.6471

0.9293

s

4.99E-07

2.09E-08

4.60E-07

4.99E-07

5.42E-07

After developing the knowledge of the model parameters
distributions, a family of models could be developed and
assessed in order to find the model with least uncertainty.
This was done by dividing each parameters’ marginal
distribution into three equally probable regions and find the
median of each region. Then, the different combinations of
these median values yielded the different model families
shown in Figure 20:

Figure 21: Walker equation model uncertain parameters
correlations as calculated in WinBUGS for 200000 samples
5.

MODEL BIAS AND UNCERTAINTY QUANTIFICATION

5.1. Sources of Experimental Data Uncertainty
One of the main aims of identifying sources of uncertainty
in any research is to recognize the weakness of certain
apparatus, experimental layout, simulation technique or
even the model development process. Also, identifying the
uncertainties of specific data gathering technique makes the
modeling output more reliable.
Two key sources of uncertainties in this research were
investigated: stochastic and systematic uncertainties
associated with the experimental measurements and
epistemic uncertainties associated with the models
predictions.
Figure 22 shows a summary of sources of uncertainty
addressed in this work along with a classification based on
the two categories of uncertainties mentioned. For a more
general discussion on the different sources of uncertainty,
refer to (Keshtgar & Modarres, 2013)
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this prior was combined with the experimental data in the
form of a normal likelihood function.
The result of the Bayesian inference is an updated state of
knowledge identified as the posterior distribution of the
sizing error model parameters
and . To accomplish
this task, WinBUGS software program was employed to run
the Bayesian analysis. After running the developed
WinBUGS code, a posterior knowledge of the uncertain
parameters
and
along with the model standard
deviation was obtained as illustrated in Table 4:
Figure 22: Experimental measurement and model prediction
uncertainties breakdown
Each category will be addressed separately for an
understanding of the nature of the uncertainties affecting it,
and quantified using an appropriate uncertainty
quantification technique.

Table 4: mε, bε and σ posterior distributions as calculated in
WinBUGS for 50000 samples
node

Μ

Σ

2.50%

median

97.50%

b

0.76

0.14

0.005

0.48

0.77

m

0.0026

9.35E-04

3.21E-05

7.92E-04

2.58E-03

s

0.61

0.03

1.53E-04

5.55E-01

0.61

5.2. Sources of Experimental Data Uncertainty
The first source of uncertainty in the crack depth
measurement is the test samples fabrication. The test
specimens were manufactured using a laser-cutting
technique that yields high precision measurements and
minimum residual stresses. Furthermore, the samples were
made by one person in order to reduce uncertainty in the
samples dimensions. Moreover, the samples were made
using the same batch of API-5L grade B carbon steel in
order to avoid any variation in the material properties across
the testing samples. However, inducing the initial notches
using the EDM technique had some uncertainty, which was
addressed in this work. As confirmed by the machine shop,
which performed the EDM notching, the dimensions of the
initial notches have an uncertainty of ±0.1mm. As this kind
of uncertainty is defined by the manufacturer, no further
quantifications are required.
The second source of uncertainty is the actual crack depth
measurements. All crack measurements were analyzed using
image-processing software, however, the measurements
were performed with the naked eye, for that reason, each
measurement was performed twice at two different times to
reduce both bias and uncertainty of the measurements.
Performing each measurement twice enabled quantifying
the uncertainty associated with the naked eye measurement.
A sizing error model (i.e. a model that addresses the
correlation between the crack size and the measurement
uncertainty) was used in order to quantify the naked eye
measurement uncertainty as illustrated in equation (6):
(6)
A Bayesian inference was used to obtain the model
parameters,
and . A subjective uniform prior of the
model uncertain parameters was introduced. Subsequently,

As shown in Table 4, the parameter
has a mean value of
0.002589 that indicates a mild correlation between the
duplicated measurements average and the associated
difference between them. The difference between each of
the duplicated measurements was then converted into a
percentage as a first step of the uncertainty quantification.
Subsequently, the overall naked eye measurement
uncertainty was obtained by computing the root sum squares
of these percentage values. So the standard overall naked
eye measurement uncertainty was found to be almost 16%.
Other sources of experimental uncertainties were also
present in this work; such as test repeatability and sample
size uncertainties. However, it doesn’t affect the crack
measurements or the associated number of cycles
determination directly. Yet, it was addressed for the sake of
completion and covering all different possible sources of
uncertainty.
Four experiments were duplicated (i.e., two identical cracks
geometry (a_(μ/μ)), two non-identical cracks geometry
a_(μ/μ+σ), LR test (LR=0.05) and applied stress test
(σs=280 MPa)) in order to confirm the results obtained and
assure the consistency of measurements. The repeated tests
were a representative sample of the overall experiments
performed in this research as two tests address the impact of
neighboring cracks geometry, one test addresses the impact
of the loading ratio and one test addresses the impact of the
applied load on the crack growth rate. The form was
repeating the same test under the same loading conditions
for the same notches geometry and dimensions using two
different samples. However, in order to quantify such
uncertainty, more duplicated tests are required to provide a
data scatter.
Also, it is important to mention that each test provided a
different number of measurements based on the quality of
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the fractography images provided by the camera. For that
reason, the sample size uncertainty was also taken into
consideration. Accordingly, a mean value of the
experiments resulting measurements sample sizes was
obtained along with a standard deviation (i.e. measurements
sample size uncertainty). The samples size uncertainty was
found to be 16.74%.

Moreover, the error is assumed to be distributed lognormally for the same reason.
As the true value of the crack growth rate
is
unknown, equations (7) and (8) are combined yielding the
following equations:
(9)

5.3. Sources of Model Predictions Uncertainties
In this step, a more comprehensive model bias and
uncertainty analysis is performed. A method developed by
Azarkhail and Modarres (2007) and Ontiveros, Cartillier
and Modarres (2010) and modified and used later by
Keshtgar (2014) to quantify the model uncertainties will be
used. However, a different set of evidence data is used for
this purpose. The bias and uncertainty quantification is
based on comparing the model predictions with the
experimental results as illustrated in Figure 23:

(10)
Assuming independency of Fm , Fe then:
(11)
The likelihood used in the Bayesian inference is illustrated
in equation (12):

(12)
M
od
el
Pr
ed
ict
io
n,
X

Finally, the Bayesian inference is performed, where
equation (13) shows the relation between the posterior
distribution of the model parameter with the likelihood
function and the prior evidence.
(13)

m

Experimental Result, Xe
Figure 23. Deterministic model predictions compared to
experimental results (Azarkhail, Ontiveros, & Modarres,
2009)
If the model predictions perfectly matched the experimental
results, then all the points would lie exactly on the dotted
line which is not highly probable. This is because of the
uncertainties and possible bias in both the model predictions
and the experimental measurements.
In this research, the model prediction and experimental
result are considered to be estimations of the crack growth
rate (da/dN), given some error as shown in equations (7) and
(8):

The data used in this step of the analysis must be data
independent of the data used in the model development step.
Quantifying the bias and uncertainty is considered also a
validation of the models proposed. Assuming the modelbased predicted crack growth rate is da/dnm, the true crack
growth rate prediction can be estimated by multiplying
da/dnm by the estimated Fm:
(14)

The model prediction results will be modified using the
resulted bias distribution which can be estimated by a
lognormal distribution:

(7)
(15)
(8)
As the modeling addresses crack growth values, then the
model outcome is always expected to be a positive value,
for that reason, a multiplicative error model is assumed.

The mean Walker model (i.e., developed using the mean
values of the uncertain parameters posterior distributions)
multiplicative error was computed. A summary of the
resultant statistics is illustrated in Table 5:
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Table 5: Walker model uncertainty quantification and
validation summary
node

μ

σ

2.50%

median

97.50%

Fm

0.8482

0.4786

0.259

0.742

2.06

bm

-0.3014

0.05883

-0.420

-0.301

-0.187

sm

0.5268

0.04248

0.451

0.524

0.616

The model uncertainty bounds for the crack growth rate can
be determined from the percentiles of F m. So, the resulting
uncertainty upper bound is 106% while the low bound is 74%. In other words, a model user could be 95% confident
that the true value resides between 106% higher and 74%
lower than what the model predicts. This is shown
graphically in Figure 24:

5.4. Walker Model Uncertainty Treatment
The Walker model was further treated in order to minimize
its uncertainty. One way to have a better crack growth rate
predictions with reasonable uncertainty is by splitting the
model into two main sub-models; the first representing the
crack growth rate before coalescence and the second
representing it after coalescence as illustrated in Figure 25.
However, more work has to be done in order to define the
coalescence point were the ligament failure occurs as
accurately as possible. It is vital to do more experimental
and simulation investigations to be able to come up with a
time to ligament failure model which will define the
threshold between the two crack growth rate models.
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Figure 24: Walker equation posterior predictive model with
the uncertainty bounds
When observing the mean value of F m, the model shows a
bias of 15%, under-estimating the true value of the crack
growth rate. Also, it has a wide range of uncertainty. A
considerable portion of the model uncertainty comes from
the SIF computation, data scatter and the form of the model
used.
However, other models were also investigated in order to
come up with a model that offers slight conservatism with
acceptable bias and uncertainty. A different model, as
illustrated in equation (16), was found to provide more
conservative predictions with less bias, however, it yielded a
slight increase in uncertainty.
(16)
This model provides 95% confidence that the true value of
crack growth rate resides between 146% higher and 69%
lower than what the model predicts. As the uncertainty
increases for this model prediction, yet, less bias (i.e, 1%
over-predicting the true crack growth rate) and a slight
conservatism are observed.

5
2000

52000
102000
Number of cycles
Figure 25: A strategy to model crack growth rate at different
stages of crack interaction
Even though more data is required for applying such
modeling strategy, some work was done in this direction in
order to illustrate how such crack growth rate modeling
strategy would minimize predictions uncertainties. It was
possible in this work to show how splitting the crack growth
rate model into two sub-models (i.e. pre-coalescence model
and post-coalescence model) minimizes uncertainty;
however, the data available was not enough to come up with
a time to ligament failure model.
5.4.1.

Pre-coalescence crack growth rate model

The first step of developing the pre-coalescence Walker
model is the Bayesian inference. The same subjective prior
pdf of each of the model uncertain parameters fo(C, n, m)
used earlier was used herein. Subsequently, this prior was
combined with the crack growth rate experimental data and
the crack tip SIF simulation data before coalescence in the
form of a normal distribution likelihood function as
illustrated earlier in equation (12). The result is an updated
state of knowledge identified as the posterior distribution,
f(C, n, m
|Data). This process was shown earlier
mathematically in equation (13).
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The mean values of each uncertain parameter distribution
were used in order to develop the pre-coalescence crack
growth model and quantify its bias and uncertainty as
illustrated in equation (17):
(17)
When observing the mean value of Fm, the model shows a
bias of less than 10% compared to 15% when not
considering this distinction between the two phases of
neighboring cracks growth (i.e. before coalescence and after
coalescence). Also, this model shows similar uncertainty
when compared to the Walker model even though the data
sets used for the model development and validation are
much smaller than those used for developing the mean
Walker model. So, it is likely that using more data to
develop and validate the pre-coalescence Walker model will
yield less bias and uncertainty.
5.4.2.

Post-coalescence crack growth rate model

Following the same procedure used earlier for developing
the pre-coalescence Walker model, a posterior knowledge of
the uncertain parameters C, n and λ was obtained for the
post-coalescence Walker model as illustrated in equation
(18):
(18)
When observing the mean value of F m, the post-coalescence
model shows slightly higher bias (i.e. 20%) compared to
15% in the mean Walker model. However, this model shows
a significant lesser uncertainty when compared with the
mean Walker model even though the data sets used for the
model development and validation are much smaller than
those used for developing the mean Walker model. So, it is
likely that using more data to develop and validate the postcoalescence Walker model will yield less bias and
uncertainty.
When comparing the two modeling strategies (i.e., modeling
crack growth rate before and after coalescence in one model
versus modeling the crack growth rate before coalescence in
one model and after coalescence in a different model) it was
found that the two models strategy is more promising. For a
more detailed discussion on the modeling work, uncertainty
quantification and validation, refer to (Al Tamimi, 2014).
6.

CONCLUSION

This paper developed a new and improved experimental
layout and procedure to investigate cracks interaction,
coalescence and growth in carbon steel materials. A reliable
design of experiment based on improving crack monitoring
techniques available in the literature was presented. This
was done through the use of real-time microscopy to
monitor the cracks during the interaction and coalescence

process, which increased the measurements accuracy. The
fractography images were processed using image processing
software to obtain the most accurate measurements possible
and assure the consistency throughout the different tests.
Moreover, an approach was devised in order to monitor the
cracks coalescence and growth stages by correlating the
surface crack growth with the crack front growth using
different microscopy tools and image processing.
The paper presented a more realistic understanding of the
effects of neighboring cracks and the dimensional variability
on their interaction, coalescence and growth process. It was
that increasing the depth of one of the neighboring cracks by
one standard deviation accelerates failure by almost 23%.
Also, it was found that increasing the depth of one of the
neighboring cracks by two standard deviations had a very
similar failure time. On the other hand, decreasing the depth
of one of the neighboring cracks by one standard deviation
decelerated failure by nearly 10%. Similarly, when the
depth of one of the neighboring cracks was decreased by
two standard deviations, a very similar result to the one
standard deviation depth decrease case was observed. Other
crack dimensions were also investigated in this work. For
example, decreasing the radius of one of the neighboring
cracks by either one or two standard deviations did not
affect the failure time significantly compared to the case of
having two identical cracks. Nevertheless, the spacing
between the two cracks was found to have an influence on
the number of cycles to achieve coalescence but not on the
total cycles to failure.
The effects of different loading conditions on crack
interaction, coalescence and growth process were
investigated. Both experiments and simulations were
performed to examine the impact of different loading
conditions on cracks interaction, coalescence, growth rate
and the ligament failure. A similar crack growth behavior
was observed at different applied stress levels; however,
higher stresses accelerated both cracks coalescence and
sample failure. On the other hand, lower loading ratio
yielded faster coalescence and failure.
An improved characterization of the SIF behavior at the
crack front during different crack development stages was
developed. It was found that increasing one of the
neighboring crack depths by one or two standard deviations
did not introduce major change in the SIF values. The same
trend was also observed when decreasing one of the
neighboring cracks depths by one or two standard
deviations. Also, increasing or decreasing the radius of one
of the neighboring cracks had an insignificant impact on the
SIF values. On the other hand, spacing between the two
cracks showed a direct impact on the SIF as smaller spacing
yields a more rapid increase in the SIF values. Finally, the
impact of the loading conditions on the SIF was
investigated. The SIF had a very similar development
behavior at different stresses before and after coalescence
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except that increasing the stress and decreasing the loading
ratio accelerated failure.

a_(μ-2σ/μ-2σ)

It was shown that when a crack coalescence is achieved, a
change is in the SIF development behavior was observed.
This was attributed to the actual ligament failure when the
two surface cracks coalesce and one bigger enveloping
crack is formed. This sudden increase in the crack
dimension causes a rapid increase in the SIF value. One of
the factors affecting this ligament failure was found to be
the spacing between the neighboring cracks. Neighboring
cracks spacing was found to be correlated to the number of
cycles to ligament failure by an exponential function. Also,
it was found that higher applied stress levels and higher
loading ratios had the same accelerating impact on ligament
failure, however, they were both correlated to number of
cycles to ligament failure by a linearly.

a_(μ-2σ/μ)

Finally, after characterizing how different cracks interact,
coalesce and grow both experimentally and using
simulation, a new probabilistic model of crack growth was
developed and validated that accounts for neighboring
cracks interaction and coalescence.
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NOMENCLATURE
PoF
LEFM
EPFM
EDM
CIF,
WinBUGS
MCMC
SIF, K
Pdf
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S
t
LR
C
n
λ

LR
N
a_(μ/μ)

Probabilistic Physics of Failure
Linear Elastic Fracture Mechanics
Elastic Plastic Fracture Mechanics
Electric Discharge Machining
Cracks Interaction Factor
Window based computer software for
MCMC
Markov chain Monte Carlo
Stress Intensity Factor
Probability density function
Crack depth
Crack radius
Plastic distance ahead of the crack tip
Separation distance between the inner tips
of the two cracks
Sample thickness
Loading ratio
Paris law empirical constant
Paris law empirical constant
Empirical constant that indicates the
influence of the loading ratio on the
fatigue crack growth in different materials
Loading ratio
Number of cycles
Two identical neighboring cracks notch
geometry; reference geometry

θi
da/dni
da/dne,i
da/dnm,i
da/dntrue,I

Fe
Fm
be
se
bm

Two identical neighboring cracks notch
geometry; depth reduced by two standard
deviations
Two non-identical neighboring cracks;
left crack depth reduced by two standard
deviations
Two non-identical neighboring cracks;
left crack depth reduced by one standard
deviation
Two non-identical neighboring cracks;
right crack depth increased by one
standard deviation
Two non-identical neighboring cracks;
right crack depth increased by two
standard deviations
Two non-identical neighboring cracks;
left crack radius reduced by one standard
deviation
Two non-identical neighboring cracks;
left crack radius reduced by two standard
deviations
Two identical neighboring cracks notch
geometry; spacing reduced by one
standard deviation
Two identical neighboring cracks notch
geometry; spacing reduced by two
standard deviations
Two identical neighboring cracks notch
geometry; spacing increased by two
standard deviations
Random variable of the naked eye
measurement error
Average crack depth value of the repeated
measurements in pixels
Sizing error model parameter representing
the correlation between the repeated crack
measurements difference and the average
value
Uncertain parameter
Crack growth rate true value
Crack growth rate value obtained
experimentally
Crack growth rate value obtained from the
model developed
Corrected crack growth rate value
The multiplicative error of the
experimental crack growth value with
respect to the true value
The multiplicative error of the model
crack growth prediction with respect to
the true value
The experimental mean multiplicative
error
The Standard deviation of the
experimental multiplicative error
The model mean multiplicative error
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sm
Ft

The standard deviation of the model
multiplicative error
The multiplicative error of experiment
with respect to model prediction
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